The nonlinear model of the cracked Jeffcott rotor is investigated, with the particular focus on study of rotor's vibrational response using tools of nonlinear dynamics. The considered model accounts for nonlinear behavior of the crack and coupling between lateral and torsional modes of vibrations. Load torque is applied to the rotor which is laterally loaded with a constant radial force (gravity force) and unbalance excitation. The co-existence of frequencies of lateral modes in the frequency spectra of torsional mode are characteristics of the coupling response of lateral and torsional vibrations. When only the lateral excitations are applied, vibration amplitude bifurcation plot with the shaft speed as a control parameter, demonstrates some speed ranges for which vibrations of the rotor dramatically increase. Furthermore, the torsional response amplitude at the same speed ranges also increases and chaotic behavior can be observed due to the lateral excitations. These phenomena cannot be observed for pure lateral vibration response with the torsionally rigid rotor assumption.
INTRODUCTION
The tendency to higher speeds in turbomachinery results in design of more flexible shafts, which spin at speeds above several of their natural frequencies. Due to stress concentration and high spin speed, rotor dynamic system is more prone to cracks which propagate faster due to low-cycle fatigue loading. In many rotating machinery, the lateral natural frequencies are far much lower than the lowest torsional natural frequency. That's why most of the condition monitoring methods is based on lateral vibrations. Without proper transducer, it's very difficult to detect torsional vibrations even when their amplitudes are close to dangerous level. However, in order to capture the whole picture of the cracked dynamic system, and develop a high efficiency on on-line condition monitoring method, the lateral and torsional coupling must be taken into consideration, because torsional excitation generate not only torsional responses, but also cause lateral vibrations due to the mechanism of torsional and lateral coupling.
Finite Element Method is basically a linear approach, which ignores the lateral and torsional coupling mechanism of the uncracked rotor. It is only due to the crack, which introduces nonlinearity and produces coupling terms of cracked rotor in the FEM-based model. But, the coupling does exist in an uncracked rotor dynamic system. Tondl [1] , Cohen and Porat [2] and Bernasconi [3] concluded that typical lateral excitations, such as unbalance, may result in both lateral and torsional responses of uncracked rotor. Furthermore, Muszynska et al. [4] and Bently et al. [5] discuss rotor coupled lateral and torsional vibrations due to unbalance, as well as due to shaft anisotropy and radial constant preload force. Their experimental results exhibited the existence of significant torsional vibrations, due to coupling with the lateral modes. Sawicki et al. [6, 7] studied transient response of the cracked rotor, including the stalling effect under the constant driving torque. flexural vibrations are studied for a rotor with a breathing crack model. The sectioned view of the cracked rotor, in both inertial and rotating coordinates, is shown in Fig. 1 . The stiffness of the uncracked rotor system is symmetric (isotropic), and the damping due to the air resistance effect is assumed to be viscous. 
where
is the shaft stiffness matrix in inertial coordinates, with the off-diagonal elements corresponding to the asymmetry introduced either by a crack. Using the Lagrange approach, the nonlinear, coupled equations for transverse and torsional motion for the rotor system take the following form: 
where F z and F y are the external forces (including gravity) in z and y directions, respectively, t C is torsional damping coefficient and T e is the externally applied torque.
Uncracked shaft
For the uncracked shaft the following conditions related to potential energy and stiffness components are satisfied:
Cracked shaft
The stiffness matrix for a Jeffcott rotor with a cracked shaft in rotating coordinates can be written as:
where the first matrix refers to the stiffness of the uncracked shaft, and the second defines the variations in shaft stiffness k ξ ∆ and k η ∆ in ξ and η directions, respectively. The function ( ) f Φ is a crack steering function which depends on the angular position of the crack, Φ , and the selected crack model. The simplest crack model is the hinge model, where the crack is assumed to change from its closed to open state suddenly as the shaft rotates. The steering function for this model is defined as:
While the hinge model might be an appropriate representation for very small cracks, Mayes and Davies [8] proposed a model with a smooth transition between the opening and closing of the crack that is more adequate for larger cracks. In this case the crack steering function, or the Mayes modified function, takes the following form:
The stiffness matrix for a Jeffcott rotor with a cracked shaft in inertial coordinates, I K is derived as 
where the transformation matrix T is cos sin sin cos
The cross-stiffness for deep cracks has been accounted for assuming 6 k k η ξ ∆ = ∆ , which based on relationship in Eq.
(12), yields 
RESULTS AND DISCUSSION
A steel simple supported shaft with a disc at the center is considered. A transverse crack is located near the disk. The first lateral critical speed is 240 rad/s. The parameters are shown in the Table 1 . The equations of motion (Eqs. (4)- (5)) were numerically integrated using Runge-Kutta method with the time integration step of 2 (360 ) π ω . This time step was small enough to get an accurate solutions even for slow rotational speeds such as 25 rad/s ( t ∆ = 6.9×10 -4 s). Bifurcation diagrams and power spectra for both lateral and torsional responses were used for presentation and analysis of the nonlinear system dynamical behavior. The bifurcation diagram plots the rotor orbit's z-(or ψ-) coordinate (with a dot) for each shaft revolution as the keyphasor reference mark fixed on the rotor passes the same rotational angle. If the orbital motion were strictly synchronous, only the same "dot" would appear repeatedly. , respectively. The bifurcation plots appear to be alike; the results for the two different vibrational responses are comparable in terms of their general shapes. Resonances occur just below the lateral natural frequency and slightly above the half of lateral natural frequency, which one would expect for a non-linear system of this kind. Spanning the rotor spin speed in the range of 145-149 rad/sec and 216-234 rad/sec, reveals the presence of a wide variety of the excited response characteristics. This is demonstrated in Figs. 3 and 4 , showing the magnified "snapshots" of the sections of bifurcation diagram presented in Figure 2(a) , and the corresponding orbital motions. During the chaotic behavior the lateral vibration amplitudes increase more than 1000 times, which would be equivalent to the system failure. Figure 2(b) shows torsional response of the rotor which is not subjected to any externally applied torque excitation, and provides clear evidence for the existence of lateral/torsional coupling in the system due to presence of lateral excitations and crack. There is no external torsional excitation applied to the rotor. It can be seen that uncracked rotor vibrates around its static deflection position with the small vibration amplitude (Fig. 5(a) ). The corresponding power spectrum shows only synchronous frequency component due to unbalance excitation. In the presence of transverse crack of depth of 0.4, the rotor vibration amplitudes increase significantly, and the power spectrum illustrates the apparent system nonlinearity, indicating the multi-frequency content present in the vibration signal ( Fig. 5(b) ).
Note the window of the FFT is taken to be the last steady state 50 system rotations. This condition was reached by allowing the inherent system hysteresis damp out all starting effects in the first 200 revolutions. If the motion is periodic or quasi-periodic, then the power spectrum will consist of a sequence of spikes at the fundamental frequencies, their harmonics, and the frequencies that are the sums and differences of the various frequencies. For the chaotic motion (e.g., non-periodic but non-random), the power spectrum shows a random broadband character. Figure 6 shows the torsional vibration responses for the uncracked and cracked rotor running at speed of 225 rad/s., without external torsional excitation applied to the rotor. Due to the nonlinear lateral/torsional coupling the unbalance excitation induces the uncracked rotor torsional response at predominantly torsional resonance frequency (600 rad/sec) and superharmonic frequency (2ω), (see Fig. 6(a) ). After introducing transverse crack, the nonlinearities caused by the breathing of the crack strengthen the modes coupling. There exist many frequencies in the torsional frequency domain. Unbalance excitation not only causes the amplitude of torsional vibration to increase 3 10 times larger than that without crack, but also significantly change the vibration patterns (Fig. 6 (b) ). Finally, a torsional excitation of ( ) 800sin(240 ) e T t t = was applied to the case of the cracked rotor, again, in addition to the unbalance and gravity forces. These results are shown in Fig. 10 . The selected rotor spin speeds are an integer and not-integer fraction of the bending natural frequency, i.e., 0.1 n ω =24 rad/s and 0.13 n ω =31 rad/s, respectively. For both speed cases the power spectra look similar, in addition to such crack "indicators" as the 2X and 3X components, the 
